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In the variational boundary-element method (VBEM) proposed in [1-3], the problems are posed for
boundary functionals and generalized Treftz functionals and the solutions are approximated by discrete
boundary potentials (DBP). In this paper, the VBEM is used to solve some problems of elasticity theory.
Some problems of the order of the boundary-clement (BE) approximations and the structure of the
matrices of systems of discrete boundary equations {DBE) are considered. The “influence” function is
constructed using the fundamental solutions. Error estimates are obtained using the functionals of the dual
problems.

1. VBEM aLGoRrITHMS are considered as they apply to the minimization of boundary functionals
(BF) of the planar and spatial problems of linear isotropic elasticity theory, assuming that these
problems satisfy the Korn inequality [4], or that a finite-energy solution exists (for problems in an
infinite domain [4]). As an example, we consider the second problem of elasticity theory (with given
stresses on the boundary) in the elastic domain GCE®, m =2, 3, with a sufficiently smooth
boundary S (that satisfies the conditions of the trace theorem). The corresponding variational
problem involves minimizing the quadratic functional {4] (the mass forces are ignored)

Fou)= 2 SW (u) dG—ZS gMuds
G 5

on feasible displacement vector functions u(x ), x € G, where 2W (u) is the quadratic form of linear
isotropic elasticity theory and g™ (y), y €S is the vector of given stresses along the outer normal v.
We know [4] that the solution of the problem of minimizing Fg(u) exists apart from an arbitrary
rigid displacement.

The variational problem is reduced to the boundary in the following way. Assume that the vector
u satisfies the equilibrium equation Au(x) = 0, x€ G. Then by Betti’s formula [4] we obtain the
equality

2 SW (u)dG = S:m (u)uds
[ S

where t™) (u) is the vector of the normal surface stresses. Thus, the problem min, Fs(u) can be
replaced by the equivalent problem for the BF

Teing(u), D= {u:Au(2) =0,z G} (1.1)

Fs(u) = S ™ (u) uds — 2 S gy ds
8 S
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If minyep Fs(u) = Fs(uy), then the vector ug satisfies the boundary variational equation

S t™ (u) uds — §g(")u ds=0, Vus D (1.2)
5

The VBEM algorithm for problem (1.1) essentially reduces to the BE approximation of Eq. (1.2).

2. The BE approximation of regular variational problems (i.e. variational problems without any
singularities that affect the approximation: for instance, corner points near which the solution
increases rapidly, etc.) is conveniently obtained by isoparametric BE approximations [5] (see also
{1]), in which the approximation nodes are identical for the boundary and the required solution and
BEM basis functions of the same order are used for approximation. To solve the problems that
follow, we will use these approximations in the form

K
yw () = Zyﬁiwk M, i=1,...m (2.1)
k=1
Il K -
ud )= Y Ulbe (), Vn (2:2)
K=

where y) are the Cartesian (global) coordinates of the nodes partitioning the boundary S, k is the
node index of the boundary elements As,, UY) are the nodal values of the components of the
displacement vector u, i, are the BEM basis functions and m is the local coordinate of the BE
points.

Let Sy, = UAs,,n=1, ..., N be the discrete boundary approximating S (or S, =3§), and G, the
domain bounded by S,; we assume that the approximation (2.2) satisfies the BE compatibility
condition, which in our case signifies continuity of the global interpolation function across the
boundary between the elements and is achieved by equality of the nodal values of the required
solution at the common nodes of adjacent elements [1]. Then

N N
va =3 ¥a(0), unya) = Y u,( 23)
n=1 n=1

respectively, are the parametric equation of S, and the continuous function that approximates the
solution at the points y, € S, with the normal v,.

In what follows, we will use the standard integral representation [6] of a sufficiently smooth
function in G, by its boundary values un(ya), 9,,un(ya), ya €S- This representation, originally
developed in potential theory [6], has been written for problems of elasticity theory in the form 7

m

1 .
ay (£a) = — 5 S tva) (Zuu)un (ya)ds(ya) +
Sa j=1
Lo O oa) y
i _Z_SSA jz;ltvm (un (yA)) ds(ya), za€=Gy (2.4)

Here {y7} is the tensor of fundamental solutions of the equation of elasticity theory (the Somigliana
tensor). The representation (2.4) has been proved [6, 7] for a piecewise-smooth boundary S,. We
know that Aay(xa) = 0 for all points x, inside and outside S,. The integral representation (2.4)
suggests alternative formulations of BE approximations: if Green’s tensor of the first problem of
statics (or Green’s tensor of the second problem of statics) is taken as the fundamental solution,
then the corresponding integral in (2.4) vanishes (such BE approximations are considered in detail
in [1, 2]).

’[I‘he ]representation (2.4) assumes that the approximations (2.2) are sufficiently smooth: for the
existence of the second integral we should have at least uy & W,2(Sa) [W2?(Sa) is the Sobolev class
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of functions that are continuously differentiable at the points S, , and the approximation (2.1) is also
assumed to be sufficiently smooth]. In each of the cases described above, the vector functions
an(xa), ¥a€Gs, VYN are admissible functions of the finite-dimensional variational problem
min Fy, (o), an € D, approximating problem (1.1), because they satisfy the equilibrium equation
in G,. We then apply the Ritz process [1], which produces a discrete variational equation
approximating equation (1.2):

m

n=11U s, i=1
N " K
-
=V § VY dhopdsw) =0, 1=t K 2.5)
o ISy PR oy 0 ¢

(v,.(m) is the outer normal at the points of As,,); in (2.5) for a given vector function g™’ we have used
a BE approximation of the form (2.2), where g¢) are the nodal values of the components of the
discrete function g™ and integration is over the union of the BEs UAs,,, for which k is a common
node. Equation (2.5) is essentially the Ritz system of DBE (in contracted form) for the nodal values
U ; successively writing the equations for each node &, we obtain the sums 2, with non-zero
integral coefficients for the contribution of the BEs for which k is a common node. Thus, the matrix
of the Ritz system is banded (the bandwidth depends on the order of the BE, see below) and
symmetric, so that

. 1 ‘ 6
§ ol Tulds, =\ 0| Jaldon 0 = 0

as, as,
The transition from (2.5) to the DBE system involves [1, 2] BE approximation of the vector of
boundary stresses [7]

t™ (u) =2pdu+i (v-divu)+p(vXrot u)

on the approximations (2.2) of the displacement vector. This BE approximation can be written at
the points of As,, in the form [1, 2]

i ($) 2 yuwr vV X

where T, is a scalar operator, whose form is establlshed from the componentwise expression for the

vector t*)(u):
T by = 2u La"’wkl"’ +2 Za“’wk 2 i

=1 =1 i=1
m

+p ) O =) @ + 1), =
@
where y© (m) is the BE approximation (2.1). Since yx = i (1)), the derivatives 39 ¢y in (2.7a)
are evaluated by the rules of differentiation of a compound function; the dlrectlon cosines /) of
the normal v, are computed by transforming the differentials of the area (the length) of the BEs As,,

from the local coordinate system (n) to the global coordinate system (y,) [S, 8]. We define this
transformation as

a (2.7a)
ayy

ds(y,) =|Juldn=>s, = {|7.]dn = diam As,

Here |J,| is the determinant of the Jacobi matrix [J,,] of the transformation (2.1). By [, 8], we have
in general (m =2, 3)
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m
1al ={Y dh*, 10 =di| 7
i=1
where d,, are the minors of the matrix [/, ], which are defined in terms of the derivatives 9.,y (,,i) , 0
i=1,2,3.
Having determined from (2.5) the nodal values U (,j}c ,i=1, ..., m, we can represent the “Ritz”
BE approximations of the solution of problem (1.1) and the equivalent (see Sec. 1) boundary-value
problem with given stresses on S in the form

N K
Uy=ay(zs) = 2 2 Unx@ni (Ta)y Ta EGa (2.8)
n=} k=1

where, by (2.4), the “influence functions” of the kth node of the nth BE are defined as
superpositions of scalar potentials with density concentrated on the BE (see also [1, 2])

m

. 1 » (Vn) — 1
Ly = - 2 AS L (j}_lv})Wkljn'dsn(n)‘{"
1 ¢ vy
— S ]}:l,u Tobel7ujdsy(n), Vi 2.9)

For instance, in the St Venant problem of torsion of an isotropic homogeneous rod, which in terms of the
scalar warping function of the rod cross-section reduces to a variational problem of the form (1.1) on the set of
harmonic functions, the functions (2.9) are defined as harmonic DBP (of a double or a simple layer); with
linear BE approximation of the elliptical contour of the rod cross-section, we obtain the analytical expression

2

2
1 i) (i)
ankz'?lnll.\"ynﬂ. Zp= s, Ym= Ynk
n

i=1 f=p

where y(,i}c are the Cartesian coordinates of the partition nodes. The functions w,; define the level lines of the
warping of the rod cross-section under torsion and correspond to the classical function that describes the source
or sink surface [9] (depending on the sign of the nodal values). A linear combination of the products of the
nodal values, which are obtained by BE approximation of the variational problem (1.1), and of the functions
o, k=1,2, n=1, ..., N, produces a semi-analytical (numerical-analytical) solution of the St Venant
problem [2].

For vector problems of elasticity theory, (2.9) is computed using the row vector of the Somigliana
tensor vV = (v, v12, »'*). We know that this vector is the solution (for x #y) of the homogeneous
Lamé equation: for the plane problem, the components of the vector are given by [7)

U,‘“=(‘n[l‘|r,._'+(.‘ll(” _yn(l))zrn—sl’ (x(l)’ x(z))EGA

Un’z:CO (I“)"'yn“)) (‘t(“_y"(“ )ru-39 (yﬂ(nv y"u)) ESA (210)

e 1Y @0 =y}, o = (1B~ ¢ =3—4o
i

where y@ (v), n € As,, is the BE approximation (2.1). A simple analysis show that the computation
of a,,;, with linear BE approximation (2.1) using (2.10) reduces to taking integrals of the form

g WBrdy, B=an+bytc, ¢=01,2 p=1Y, 32s %2

where the coefficients a, b, ¢ depend on the coordinates x €G,,yY) €S,. These integrals are
computed analytically [10, pp. 67-68] and contain a logarithmic function of the distance r,, as well
as the power functions 7,~”. Thus, the “influence functions” o, in the BE approximations (2.8) are
defined Vx, € G,. The domain G, may be unbounded, in which case the simple layer potential
decreases at infinity as O(r, ') and the double layer potential decreases as O(r,”?). The final
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formulas for a,, are fairly complicated, because the BE approximation of the vector o) (Zu, DY is
not simple [see (2.7), (2.7a)].

3. Accuracy estimation of the BE approximations {uy} [see (2.8)] of the solution of the
finite-dimensional variational problem minF; (uy), uy € D, reduces to estimating the error of the
BE approximations uy(y,) at the points y,E€S,, because at the points xa € G, the feasible
functions of the problem exactly satisfy the differential equation of the boundary-value problem.
These estimates can be obtained using the a posteriori error estimates of the approximate solutions
of the dual variational problems for the BF of linear elasticity theory [11], which, as it applies to BE
approximation estimates, take the form

||u0A~—uN "'/,.SA<C+A (UN), (‘+>0 (31)

W™ (uoa) — " (um) llyy. 55 e A(un), e >0

A(UN) = {C;l [FSA—(DSA]}“, Ca >U

(here the constants ¢, , c.. are independent of N). In (3.1), ug, is the boundary value of the solution
uo of the problem (1.1) at the points y, € Sa; Fy, , Pg, are the BFs of the dual problems [11], which
are computed, respectively, on the BE approximations uy, t**(uy) [see (2.3) and (2.7)]; the
constant ¢, can be determined from the estimate [11]

2 { Wwdes > csllull ey, Vue W (Ga)
Ga

The W5"*(S,) norms used in (3.1) are well-defined because by construction [see (2.3)]
uy € W,1(5,). Note that in a numerical experiment (see the problems below) it is sufficient to
establish that as the partition S, into boundary elements is made finer, the difference Fg —®g,
decreases. This can be done [11] using the equality

Fsy—®s, =2 | un [t (uy) — gn® 1 dsa > 0 (3.2)
Sa

where g “3) is the BE approximation of the given vector function g*” [see (2.5)], and the integral on
the right-hand side is evaluated as

N ™ m
Igy = };S i)=;usf’ [vvn’(;u;")—g“n’]dsn (3.3)

n

[here we use the approximations (2.2) and (2.7)]. Formula (3.3) is essentially the approximation of
(1.2) at the points of S,. By virtue of the convergence of BE approximations {3], we have /;, —0 as
N— x [11].

These a posteriori estimates do not provide any information about the order of the approximation
error, i.e. about the rate of convergence of the approximations uy—ugy as N— «© (diamAs,— 0).
This information is provided by a priori error estimates. Here we can use the a priori estimates of
the Bubnov—Galerkin finite-element (FE) approximations [12]. Such estimates have been con-
structed for approximate solutions of second-order elliptical boundary-value problems.

Convergence of BE approximations based on the integral representation (2.4) has been
established [3] for the case when S, is a finite union of Lyapunov surfaces, which corresponds to a
compatible union of the BEs As,,, as used in the conformal FEM [12]. For such approximations, the
construction of an a priori estimate of the ‘“‘global” FEM (BEM) interpolation reduces to the
construction of an error estimate of the “local” interpolation on a single finite element [12], using
the estimate of the approximation error of a sufficiently smooth function by FEM interpolants in

some norm. Thus, the error of the BE approximations {uy} [see (2.3)] can be estimated using the
following bound [12]:

Nuga —un iy, 5, << cd™ |l ugy |lr4y, sy >0
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where d = diamAs,,, r=1 is the local order of approximation accuracy, || s, is the norm in the
Sobolev class of vector functions W,! (S, ); the constant ¢ is independent of d. In the L,(S,) norm,
the maximum order of interpolation accuracy is higher [12].

4. We considered a generalization of the Flamant problem [13] for an elastic half-plane loaded by normal
pressure along a second-order curve y@ = 15(y)?R™'=5 at the points y = (yO, yP)€ES; the pressure
function wac talan (141 in tha fare ~f tha enlistinm ~f tha meabelame ~F o oo b B4l o con €0 4L 3 1 .1
anculn was l,(u\'uu 1-r.J il ui -u.u.ux Uf LG ULV Ut i PTOUICTIl Ut d punicii wiinl a surtace aescrio€a oy ine
curve S penetrating (without friction) into the half-plane. This problem was posed in displacement terms as the
variational problem (1.1) without mass forces with the supplementary conditions

7k TETAY tha tomaamtial cten em S -2

where +(u) is the tangential stress vector. For the BE approximation of the problem, we used linear
approximations of the form (2.1), (2.2) and BE approximations (2.8). The functions (2.9) were computed using
the sum v,,'' +v,'2, Vn [see (2.10)]. The Ritz system [see (2.5)] is constructed from the DBE, which are formed
according to the “pattern” Va=1,... N, i,j=1,2:

tMu(y))=0, ye[-=, ©\s, T(u(y))=0, ye[-o, ]

0 iy 13y F3Y
i (T}

[ LI N T S SR S E 1 4
- \p‘*Tl)Um (fn +fn—l)“’?‘“vnl (fa Fiao)) - T(lﬂ’l)U,.;'—

t ) Gy ) 1 () Uy, 1 W
~ (l! +71)U<n+m(fn +,’n+l)“—2'uU(n+l)l(fnJ +fn+1)—";(ll+3:)u(n+ni=

1w 1 G
=—%P-u (Yn —)n—1)+TP(n+l)t(Yn+l—Yn )

<

Here we have implemented the approximation (2.7), using the notation

2
i 1{ . i s
fl =y, |J,.I={2 e "}

famy

) . 1 ) .
TRt T G () i
uyn 's)n = —'2 (Ynz —¥nt ), =12, V¥n

where yﬁ}{ are the coordinates of the nodes k =1, 2, and p(,t}( are the nodal values of the given function
(V) (see [14, p. 65]). The numerical implementation was considered for the following special case of
material characteristics: modulus of elasticity E = 10°, Poisson’s ratio o = 0.3, Lamé constants A = 0.5769E,
i = 0.3846E and radius of curvature of S, R = 1. The coordinates of the nodes partitioning the curve S on one
side of the axis of symmetry y® (for N = 6) and the nodal values of the displacements obtained by solving the

DBE system (for E = 1) are given below:
100 x y: 0; 335,  678; 1005, 1338;  1670; 2000
106 x y@: 0; 5.6, 225 50.5; 89.5;  139; 200
100 x U : 0; —45; 116; —179; 253; —320; 763

100 x UR) : — 1453, 6.45; —14.5; 20.5; —24i 26.5;0

Analysis of the results leads to the following conclusions. There are no horizontal displacements on the axis
of symmetry y®, while the vertical displacements are small. As we move away from the y'? axis, the
components U(nzz decrease and the components U (,,‘Z conversely increase due to the increase in the shear
strains. The “deformed” coordinates of the partition nodes are given by yfﬂc , = y(,:}( +U 53( x10%,i=1,2.

A numerical experiment was carried out, evaluating the sum (3.3) for N = 6, 12, 24: %¢=0.22, %,,=0.205,
3,4=0.175. The difference (3.2) thus decreases relatively slowly as the BE partition is refined, because we are
essentially approximating a piecewise-linear function gt [see (2.5)] by a piecewise-constant function
t*)(Zu®) [see (2.7)]. In the duality algorithm [15], to solve the prototype contact problem based on the
variational problem (1.1), we have used second-order BE approximations, which produce more-accurate
approximate stresses. Note also that with first order BE approximations, the Ky X Ky square matrix of the
DBE system (Ky is the number of nodes in S,) is banded with bandwidth 4; with second-order BE
approximations, the bandwidth is 6.

We considered the problem of displacements for the points of a spherical surface with zero boundary
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conditions for the displacement vector on meridional (or annular) lines and acted upon by a normal surface
load. Note that these conditions on a set of three-dimensional (or two-dimensional) measure zero lead to
singularity of the boundary-value problem. Allowance for these conditions in traditional mathematical
methods of elasticity theory is therefore a fairly complicated problem. The BEM implements these conditions
by defining the zero values of the components of the displacement vector at the corresponding nodes of the
discrete surface approximating the given surface. By circular symmetry, we triangulated one eighth of the
spherical surface with an appropriate node indexing, which subsequently ensured fairly simple construction of
the matrix of the DBE system with a minimum bandwidth. The isoparametric BE approximation for plane
triangular BEs As,, is characterized by the fact [5, 8] that the interpolation functions Y, are identical to the local
coordinates my, k = 1, 2, 3; thus, the approximations (2.1), (2.2) have the form

3 3
L wa | -
vi) v (i) Wb R h § ($) ) ,
Yn = Ynk Ma, Un = Umm, i=1,2,3, Vn

=1 Ry

where y(,gc are the Cartesian coordinates of the mesh nodes formed by the meridians and the parallels. The
DBE are formed by a seven-point scheme (by a five-point scheme for bilinear BE approximation); each nodal
value UY) , i=1, 2, 3 is multiplied by the sum of the contributions of six BEs; the resulting matrix is
block-banded with bandwidth 7 and symmetric blocks. Given the symmetrically defined (on meridional lines)
homogeneous boundary conditions for the displacement vector, the recommendations of [16] enable us to
preserve the symmetry of the submatrices (blocks). The column vector on the right-hand side of the DBE
system is constructed using the BE approximation of the y axis components of the given normal load
3
p:\m) — lg) Z (vn) (y(l))nk' i=1,2,3, Vn
k=1

where p®) (y(,f}c) are the nodal values of the function p® (y).

To solve the DBE system, we followed the recommendations of [16]. In particular, the inversion procedure
for symmetrical submatrices enabled us to implement the Gauss elimination method for reducing a square
matrix consisting of submatrices to an upper triangular block matrix. A numerical experiment was carried out
evaluating the sum (3.3): for N = 15, 30 and 60 we obtained, respectively, » = 0.835; 0.627; 0.353.

We considered the prototype problem of a normal tearing crack in an elastic unbounded plate loaded at
infinity by a uniformly distributed stretching load p. The analytical solution of this problem is known (see, e.g.
[17]) in the form of the displacement field (u", u®) and the stress field (6", 6@, 61?), whose components are
defined as functions of polar coordinates (r, 8) (with the origin at the tip of the crack); the solution is exact (for
small r) in a region ahead of the tip of the crack, which is much smaller than the crack width 2/; the stress
intensity factor [17] is K; = pV/wlsin?B, where B is the angle that the plane of the crack makes with the load
axis.

For the variational problem (1.1) (the applicability of this problem was suggested in [18], see R. V.
Gol’dshtein’s supplement), we represented the plane of the crack in the Cartesian coordinate system (y(!), y®),
y'" is the axis in the plane of the crack. We assumed that the crack contour § = S, U S_ was traced by circular
arcs of small curvatures and was the interior boundary of the region of the plate with a singular point at the tip
of the crack. We considered a linear BE approximation of the form (2.1), (2.2); to approximate the given
function g (v), the nodal values g(,i;{ ,i=1,2[see (2.5)] were defined in terms of the values of the components

o'V, 6@, ¢! at these nodes; the increase in the stresses in the neighbourhood of the singular points was
allowed for by condensation of nodes, and the DBE were written for the nodes k €S, 4 and k&’ E S _a sufficiently
close to the singular point. We compared the nodal values of the displacement components U%) e =1, 2
obtained from the DBE system with the nodal values of the analytical solution u); with a quarter of S
partitioned into N = 6, 12 and 24 boundary elements, the error averaged over the nodal points was £ =19, 16
and 11%, respectively.
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THE PERTURBATION METHOD IN PROBLEMS OF THE
DYNAMICS OF INHOMOGENEOUS ELASTIC RODSfY

L. D. AxuLenko and G. V. KosTIN
Moscow

(Received 1 April 1991)

The regular perturbation method (the small-parameter method) is developed in order to investigate the
dynamics of weakly inhomogeneous rods with arbitrary distributed loads and boundary conditions of
various types leading to self-conjugate boundary-value problems. The approach rests on the introduction of
a perturbed argument, namely, the Euler variable, and a suitable representation of the eigenfunctions. It
enables one to carry out uniform constructions of the basis and the eigenvalues, as well as the frequencies
with any required accuracy in terms of the small parameter using quadratures of known functions. To
illustrate the effectiveness, an example involving inhomogeneous rods with hinged left-hand ends and free
right-hand ends and with box-shaped and circular cross-sections whose dimensions depend linearly on the

coordinate are investigated and computed.

1. FORMULATION OF THE PROBLEM

ConTROLLED planar motions of an elastic rod undergoing transverse bending deformations are
considered. Longitudinal extension will be neglected. It is assumed that the neutral line of the
unstrained rod is straight and the elastic strains are small, i.e. the motion of the rod can be described
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